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Abstract— In order to operate properly, some precision
applications need to be isolated from the ground motion in
the six degrees of freedom. This paper presents the model of
a hexagonal payload which is isolated in all directions. The
model is validated by comparison with experimental data. It
reproduces properly the suspension modes and the flexibilities
of the structure. Two multi-input multi-output (MIMO) control
techniques have been applied to this system: centralized control
and singular value decomposition (SVD). Both methods allow
to reduce by a factor 100 the transmission of ground motion at
low frequency (up to 5 Hz) without interfering with the flexible
modes.

I. INTRODUCTION

The transmission of ground motion to sensitive equipment
can affect their performance or their resolution. To overcome
this limitation, passive and active isolation solutions have
been developed. When it is supported by springs, a system
is isolated passively in a frequency range above its resonance
frequency. Those springs can be pneumatic elements [1],
[2] or mechanical springs [3]. On the other hand, feedback
control, one type of active isolation, consists of sensing the
motion of the system to isolate and canceling this motion by
injecting a force that opposes this motion [4]. To increase
the performance, passive solutions can be combined with
feedback control [5].

For some applications, like atomic gravimeters [11] or
gravitational waves detectors [7], the system has to be
isolated in more than one direction. By isolating several
directions in parallel, the force used to control one direction
can inject some spurious signal to another direction. There-
fore, to cope with this coupling between different directions,
instead of considering each direction independently, a global
approach is used. Two multi-input multi-output (MIMO) con-
trol methods commonly used are the centralized control [3],
[8] and the singular value decomposition (SVD) method [9].

These solutions can be tested on a model to predict their
performance. Most of the models developed include only the
rigid body modes of a system [10]. However, in practice, the
flexibilities of a structure represent a main limitation when
isolating a system. In fact, if the gain of the controller is too
large, the crossover frequency can be larger than the flexible
modes and some of them can be amplified.

In this paper, a finite element model (FEM) of a hexagonal
table, representing the system to isolate, is introduced. For
calculation cost’s reasons [11], a reduced model of this
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system containing the first 60 modes is extracted from the
FEM. The two MIMO approaches are then defined and the
feedback controllers are designed on the model. The per-
formance of SVD and centralized controllers are compared
on the reduced model. Finally, the model is validated by
comparison with experimental data.

II. DESCRIPTION OF THE FINITE ELEMENT
MODEL

The FEM represents a hexagonal table which is 15 cm
high and 75 cm along each side, see Fig. 1. The payload
weights 157 kg. It is supported by three pairs of vertical and
horizontal springs with a stiffness of 3 kN/m. To add more
passive isolation to the system, the whole structure lays on
a rectangular table of 1 m x 2 m which weights 330 kg. It
is connected to the ground by four vertical springs with a
stiffness of 90 kN/m.

Frequency analysis is carried out to identify the resonance
frequencies and the corresponding mode shapes of the sys-
tem. The first 60 modes of the system are then retained
to generate a reduced model of the FEM [12], [13]. These
60 modes include the six suspension modes of the hexagonal
table, between 0.6 Hz and 1.5 Hz, the six suspension modes
of the rectangular table, between 5 Hz and 8 Hz, and the first
48 flexible modes of both tables, between 70 Hz and 600 Hz.
This decoupling between rigid and flexible modes will ease
the controller design as the crossover frequency can be set
between these two types of resonances, around 10 Hz.
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Fig. 1. Top view (top) and front view (bottom) of the FEM of the hexagonal
payload. The mesh is finer for the hexagonal table to deal with calculation
errors. From the front view, the springs between the two tables are visible.

The outputs are the three directions measured at the nodes



on top of the hexagonal table, aligned with the springs’
nodes. These directions measured allow to recover the signal
measured by three pairs of horizontal and vertical sensors.
The horizontal sensors are measuring motion oriented with
a 120 ◦ angle from each other. Combined with the three
vertical sensors, the six degrees of freedom can be extracted,
as needed for the control laws studied here. The pairs of
vertical and horizontal actuators are collocated with the
springs connecting the two tables together, so no additional
input nodes are needed.

The resulting model allows studying the response of the
system to an external disturbance with a fast calculation time.

Note that the sensor noise and sensor’s dynamics are not
included in this study. At low frequency, the sensor noise
includes in particular the thermal noise [14]. In addition,
below 1 Hz, one principal limitation is the coupling between
the signal measured by vertical and horizontal sensors and
the tilt motion due to gravity coupling [15], [16]. These
limitations represent a challenge to isolate the system in the
low-frequency range and will be the subject of a future study.

III. DESIGN OF THE CONTROLLER

The control approach used should allow to isolate actively
the 6 degrees of freedom of the hexagonal payload. In
fact, equipment like gravitational waves detectors have to be
isolated in all directions to operate properly [7], [17]. Here,
two MIMO controllers are considered; centralized control
and singular value decomposition (SVD) approach. Both
methods imply to project the system in a new frame where
the controller is designed. These two methods are now going
to be detailed following the same steps. First, the new frames
are defined and second, the controller designed is presented.

A. Centralized approach

Centralized control consists in controlling the six degrees
of freedom independently, i.e. the three degrees of translation
and the three degrees of rotation. The plant is projected from
the local coordinates of the sensors and actuators into the
global coordinates of the payload to isolate. The projection
matrices are called the Jacobian matrices. The new plant is

Gcen = J−1
s Gdec(J

T
a )−1 (1)

where Gcen is the new plant in the centralized coordinates,
Gdec is the original plant in the local coordinates, Js is
the Jacobian matrix allowing to project the sensor local
coordinates in the global coordinates and Ja is the Jacobian
matrix allowing to project the actuators local coordinates into
the global coordinates.

As explained in section II, the crossover frequency is set
between the suspension modes and the flexible modes. This
allow having good performance at low-frequency without
destabilizing the high-frequency modes. Therefore, for the
three translational directions, the gain of the controller is
106 and therefore, the crossover frequency is 12 Hz. For the
three rotational directions, the gain is 105 and the crossover
frequency is also 12 Hz for the first rotational directions
(θx and θy) and 8 Hz for the last direction (θz). To have

a sufficient phase margin, a lead is designed around each
crossover frequency

Hx,y,z,θx,θy =
20

6
(s+ 2π6)/(s+ 2π20) (2)

Hθz =
15

4
(s+ 2π4)/(s+ 2π15) (3)

The controller in the centralized coordinates is a diagonal 6x6
matrix which contains the aforementioned gains and leads,
Hcen.

In order to compare the two control techniques, they will
both be applied to the decentralized plant. The controller for
the centralized approach is therefore

Hdec = (JTa )−1HcenJ
−1
s (4)

B. SVD approach

SVD allows to project the system into a new frame where
the system is fully decoupled and the directions obtained are
orthogonal to each other [18]

Gdec(ω) = U(ω) Σ(ω) V H(ω) (5)

where Σ(ω) is a diagonal matrix whose elements are the
singular values for a specific frequency, U(ω) is the matrix
which allow to project the local sensor coordinates into the
coordinates of the singular values for a specific frequency
and V H(ω) is the projection matrix from the local actuator
coordinates to the coordinates of the singular values for a
specific frequency.

In order to have real U and V Hprojection matrices, the
SVD can be applied on a real approximation of the plant [18].

From (5), the SVD has to be applied to all frequencies to
decouple the plant at each frequency. However, an approxi-
mate decoupling can be performed, i.e., the decomposition is
calculated for a given frequency and the projection matrices
are applied to the whole frequency range [18]. Here, the
approximate decoupling is preferred for reducing computa-
tion time. As the crossover frequency will be set around
10 Hz, the SVD will be applied at this frequency to ensure a
decoupling of the system around this frequency. The system
in the new frame becomes

Gsvd = U−1(ω0) Gdec (V H)−1(ω0) (6)

where ω0 is 2π10 rad/s in this case.
As all directions have to be isolated in the same way,

each diagonal term is normalized by its steady state gain
and multiplied by 100. From the resulting open-loop, a lead
is designed for each diagonal entry to ensure sufficient phase
margin at the crossover frequency, resulting in the diagonal
controller Hsvd. The resulting open-loop is shown in figure 2.

In conclusion, to apply this SVD approach to control the
decentralized plant, the controller is

Hdec = (V H)−1(ω0) Hsvd U
−1(ω0) (7)



Fig. 2. The six diagonal transfer functions of the open-loop in the frame
of the singular values. For each singular value, a lead is designed to provide
sufficient phase margin. Almost all directions are decoupled as there is only
one resonance at low frequency, except for σ2 and σ3.

IV. PERFORMANCE COMPARISON

The active isolation system aims to reduce all environ-
mental disturbances including the transmission of ground
motion to the structure. Therefore, the performance has been
evaluated on the transmissibility in the horizontal, Fig. 3 and
in the vertical direction, Fig. 4. Both control methods allow
isolating of a factor 100 the low-frequency range, up to 5 Hz.
Moreover, there is no interaction with the flexible modes in
both cases. In conclusion, by looking at the diagonal terms,
these two MIMO approaches show similar performance.

Note that all the closed-loop poles have a negative real
part which guarantees the stability of the closed loop.

To further compare the two methods, the off-diagonal
terms have been compared in closed loop. This helps to
see how the different signals interact with each other to
isolate the system. In Fig. 5, centralized control isolates with
one order of magnitude more than with the SVD approach.
However, in Fig. 6, the opposite can be observed. Note that,
except for two terms, all the off-diagonal terms are at least
one order of magnitude lower than the diagonal terms with
isolation. Consequently, the off-diagonal terms do not allow
to differentiate these two methods neither.

In terms of performance, the two methods are thus equiv-
alent. However, for sake of simplicity, the centralized control
was easier to implement which is a non-negligible argument
when the controller will be applied experimentally.

V. MODEL VALIDATION

A. Description of the experiment

An experiment has been conducted on a setup that repro-
duces the features of the FEM detailed in section II. The
springs connecting the two tables are isolators from Yuanda
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Fig. 3. Transmissibility in the horizontal direction between one sensor on
the hexagonal table and a sensor on the ground when no control is applied
(solid blue curve), the centralized control is applied (solid red curve) and
the control based on the SVD approach is applied (dashed yellow curve).
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Fig. 4. Transmissibility in the vertical direction between one sensor on
the hexagonal table and a sensor on the ground when no control is applied
(solid blue curve), the centralized control is applied (solid red curve) and
the control based on the SVD approach is applied (dashed yellow curve).

Tech, shown in Fig. 7. Each isolator contains adaptive
negative stiffness springs in the vertical. Inside each isolator,
there is a pair of horizontal and vertical voice coil actuators.
The isolators are designed to support a maximum weight of
100 kg. In order to be in the working range of the isolators, a
dummy mass of 70 kg is added at the centre of the payload.

The motion of the table is measured by a Guralp CMG-6T,
a geophone that senses the velocity in the three directions.
By integrating the signal and multiplying it by the inverse of
the sensitivity and the sensor dynamics, the absolute motion
of the table can be recovered.

Two sets of experiments have been carried out to identify
the system; plant and transmissibility measurements. The
plant is the transfer function between an actuator and a
sensor. This transfer function is obtained by injecting a
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Fig. 5. Transfer function between one vertical sensor and the aligned
horizontal actuator when no control is applied (solid blue curve), the
centralized control is applied (solid red curve) and the control based on
the SVD approach is applied (dashed yellow curve).
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Fig. 6. Transfer function between one horizontal sensor and one non-
aligned horizontal actuator when no control is applied (solid blue curve),
the centralized control is applied (solid red curve) and the control based on
the SVD approach is applied (dashed yellow curve).

white noise signal in an actuator and sensing the motion
by a Guralp placed at the location of the sensors defined in
section II.

The transmissibility is defined as the transfer function
between the ground motion and the payload motion. In this
case, a second Guralp CMG-6T was placed on the ground.

B. Experimental results

The plants measured between the vertical sensor and the
aligned vertical actuator at the location of each isolator are
plotted in Fig. 8. In this graph, the coherence is also plotted to
show the quality of the measurement. The suspension modes
of the system are around 1 Hz while the flexible modes of

Fig. 7. Picture of the three isolators. A sphere is used to have the smallest
contact point between the isolators and the hexagonal table. A guide is put
at the centre of mass for safety reasons; there is no contact between the
part connected to the hexagonal table and the part fixed to the bottom table
except in case of accident.

the system have resonance frequencies above 100 Hz.
In addition, there is a 180◦ phase shift between some

experiment because the signal was sometimes injected in the
opposite direction.

The transmissibility in the vertical direction is shown in
Fig. 9. the resonances around 1 Hz correspond to the sus-
pension modes of the hexagonal payload while the resonance
around 5 Hz is the suspension mode of the rectangular table.
In this case, the coherence is only acceptable between 2 Hz
and 10 Hz. Outside of this frequency band, the sensors
are not sensitive enough. However, this measurement gives
us good information regarding the location of the poles as
needed for the model validation.

C. Comparison with the Model

The results from the reduced model have been compared
to the experimental measurements. In Fig. 8, the model,
in dotted line style, has a matching steady-state gain and
the resonances and anti-resonances located in the same
frequency band. In addition, the flexible modes start at the
same high frequencies, above 100 Hz, and some modes are
even at the same frequency, see the mode around 100 Hz
and around 400 Hz.

In Fig. 9, the transmissibility obtained by the model is
plotted in dashed line style. The suspension modes are
located in the same frequency band. At high frequency, the
model has a roll-off which is not the case of the experimental
curve. As explained in section V-A, the coherence of the
experimental test is poor at high frequency because the signal
is dominated by another source.

Finally, even if not shown here, the off-diagonal terms of
the plant measured experimentally and extracted from the
model matches; the resonances are in the same frequency
band and the behaviour at low and high frequencies are
similar.

VI. CONCLUSIONS

In this paper, two MIMO control techniques have been
applied on a 6 degrees of freedom model. This model
reproduces properly the response of a real system made of
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Fig. 8. Transfer functions measured between the vertical motion sensed by
the Guralp and the vertical actuator aligned. The ”@i1”, ”@i2” and ”@i3”
refer to the three different isolators locations. The dotted curve is obtained
from the model.
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Fig. 9. Transmissibility between a Guralp placed on the hexagonal platform
and a Guralp placed on the ground in the vertical direction. The solid line
is the experimental measurement and the dashed line corresponds to the
model.

a hexagonal table that lays on two series of passive suspen-
sions. Both centralized control and SVD based control lead
to the same performance regarding ground motion rejection.
However, centralized control is easier to implement.

In order to study the transposability of these control
methods on an experiment, the experimental limitations have
to be included. First, the plant uncertainty should be added to
the model, e.g. by adding some uncertainty on the Jacobian
for the centralized control or by adding uncertainty in the
high-frequency range. Second, the sensor dynamics can be
included, as stated in section II. Once these modifications are

conducted, the control laws will be validated by experimental
tests.
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