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In this paper, a high-resolution Horizontal Interferometric Inertial Sensor (HINS) is developed for active
seismic isolation of gravitational wave detection instrument. Its resonance frequency can be tuned down to
as low as 0.08 Hz thanks to the use of a Lehman pendulum and the inverted pendulum like mechanisms.
Combined with a novel homodyne quadrature interferometer, a high resolution of 2 x 10™'* m/+/Hz (or
7.9x 1072 (m/s?)/+/Hz) at 1Hz can be obtained. A dynamic analysis is performed to investigate the re-
sponse of the HINS to different types of excitations. A noise budgeting of the HINS is also conducted, which
indicates that the resolution of HINS is limited by the thermomechancial noise from 0.01 to 1 Hz and by the
thermal electrical noise of the photodetectors above 1 Hz.

© 2022 Elsevier B.V. All rights reserved.

1. Introduction

Seismic activities happen all the time and everywhere. Even
through they are hard to feel, they do adversely influence the
functionalities of large ground-based instrument. For example,
seismic noise has to be well-isolated for the Advanced Laser
Interferometer Gravitational-wave Observatory (aLIGO) [1], and the
Compact Linear Collider (CLIC) [2].

Amongst different strategies of instrument stabilisation, the in-
ertial feedback control shows the advantage to mitigate the trans-
mission of seismic motion at low frequencies (say, below 1Hz) [3].
High-resolution inertial sensors are required to improve the per-
formance of the strategy [4]. Take the example of aLIGO, different
inertial sensors are applied in the isolation system [5], and their
resolutions were experimentally assessed in [6]. Amongst the sen-
sors, the resolution of Geotech GS-13 [7] is 8 x 1072 m/+/Hz at 1 Hz.
However, inertial sensors with higher resolutions at low frequencies
are particularly preferred in order to further improve the seismic
isolation [8].

Generally, there are two main methods to improve the resolution
of an inertial sensor. The first one is to decrease the noise floor of its
readout. Compared to capacitive or eddy current readouts, inter-
ferometric readouts exhibit advantages in terms of noise and
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dynamic range [9,10]. Several developments on replacing the ori-
ginal readouts of commercial sensors by interferometric readouts
were conducted by [11-13] and combining home-made mechanics
with interferometric readouts were conducted by [14,15]. The
second method is to lower the resonance frequency of the me-
chanics. This can be done, for example, by using the Lacoste pen-
dulum [14] (7 Hz)' and the Geometric Anti-Springs (GAS) mechanics
[16] (1 Hz) for the vertical measurement, and the parallelogram
mechanics [17] (2.2 Hz) and the folded pendulum [18] (0.54 Hz) for
the horizontal measurement. Among these, the folded pendulums
were extensively studied for implementing horizontal seismometers
thanks to its capability of reducing the resonance frequency [18-21].
Barone et al. [20] reported that the resonance frequency can reach
0.06 Hz. However, these prototypes are monolithic mechanics with
notched hinges, so they are not easy to manufacture. Alternatively,
Lehman pendulum is another well-known mechanics used in hor-
izontal seismometers such as the STS-1 seismometers [22].

A novel inertial sensor, HINS, is proposed in this paper. The goal
of the paper is to provide a critical analysis of the dynamics and the
noise budgeting of the proposed sensor. Section 2 presents the dy-
namic analysis of the mechanics, the working principle of the in-
terferometric readout and the data processing. The experimental
assessments are given in Section 3. Section 4 presents the noise
budgeting of the sensor. Section 5 draws the conclusions.

1 the value is the resonance frequency of the mechanics
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Fig. 1. (a) Prototype of HINS, the arrow shows the oscillation direction: (1) interferometric readout, (2) joint, (3) horizontal pendulum, (4) corner cube, (5) base, (6) proof-mass, (7
&8) screws; (b) Optical path in HINS: The red points with numbers show the optical path from the laser collimator (1) to the polarising beam splitter (2), and to the fixed corner
cube (3) and movable corner cube (4). The details of the optical path is presented by Fig. 7.

2. Description of HINS

Fig. 1 a shows the developed prototype of HINS. The dimension of
the sensor is about 220 x 160 x 140 mm? (length x width x height).
The sensor consists of two parts, the mechanics and the interfero-
metric readout (1, see Fig. 7a). The joint (2) is a pair of home-made
cross-spring hinges (see Fig. 2), which defines the rotation axis of the
horizontal pendulum (3). A retro-reflector (corner cube (4)) is
mounted at the end of the pendulum, and forms the measuring arm
of the interferometric readout (1). A proof-mass (6) is mounted at
the free end of the pendulum where two screws are also attached to
adjust the centre of mass and the inertia of the pendulum. Three
screws (7 and 8, the third one is on the back) on the base (5) are used
to adjust the tilting angle between the base and the horizontal
ground. Fig. 1b shows the Computer-Aided Design (CAD) model of
the prototype. Some components are transparently shown to display
the optical path. The laser beam passes through the collimator (1)
and the polarising beam splitter (2). this splitter separates the beam
into the reference arm with the fixed corner cube (3), and into the
measurement arm with the movable corner cube (4). Consequently,
the motion of the pendulum can be measured by the interferometric
readout.

Fig. 2a shows a cross-spring hinge. It consists of two supports (1),
four spring-holders (2) and two strips (300 series stainless steel) (3).
The length of one strip is around 50 mm, and the effective length is
| =6 mm after being clamped by the supports and strip-holders. Its
width and thickness are w =12.5mm and t=0.038 mm. The two
supports are the same, but they have a 2 mm height shift in the
assembly. Fig. 2b shows a sketch of the top view of a cross-spring
hinge with pendulum. The lower holder is fixed on the frame and the
upper one is mounted with the pendulum (4) and rotates around the
crossing point of the strips (3). The rotational stiffness in the pre-
sence of axial load (with the rotational motion is less than 15°), can
be estimated as [23].

k
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where E=200 Gpa is the Young’s modulus of the material,
a=m/2rad is the crossing angle of two strips. ¢ =1/2 is geometric
parameter indicating the crossing position of the strips at the mid-
point. P is the axial load along the pendulum, and it equals to 0 when
the pendulum is horizontally oriented. Fig. 2c presents the final
assembled hinges which are vertically mounted with the mechanics.

Fig. 2. Joints of HINS: (a) One hinge used in HINS: 1 support, 2 strip-holder, 3
stainless steel strip; (b) Top view of the hinge: 4 pendulum, P is the axial load along
the pendulum, ¢ is the rotational motion of the pendulum; (c) Two hinges assembled
as the joint of HINS: 1 support, 2 pendulum, 3 base, 4 screws, A1&A2 and B1&B2 are
two pairs of supports, A1&B1 are mounted on the base (in cyan), A2&B2 are mounted
on the pendulum (in orange). Dash-dot red line: rotational axis of the pendulum.

The supports (A1, B1) of the two crossed-spring hinges are fixed on
the stable frame (1) and the base (3) of the mechanics. The supports
(A2, B2) rotate together with the pendulum (2). The dash-dot line
indicates the rotation axis of the pendulum. Therefore, a simplified
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Fig. 3. The model of the Lehman pendulum: (a) The model without tilting, the proof-mass rotates in the Q plane; (b) The model with the tilting yo about Y-axis, the proof-mass
rotates in the Q' plane. The joint O presents the cross-spring hinge allowing oscillations. Black dots present the mass centre of the pendulum, and grey dots present the mounting
of the corner cube. The dashed line denotes the initial position of the pendulum. The translation w along Y-axis as well as rotational motions a, y and g about X-axis, Y-axis and Z-

axis of the frame can be defined on the point O.

estimation of the joint stiffness is given by summing stiffness k with
axial load P = mg-sin(y,)/2, where m =0.5kg is the mass of the
pendulum and yq is the tilting angle of the mechanics. Assuming the
tilting angle yo =0.5°, the estimation of the joint stiffness k, =2k
equals to 0.0086 Nm/rad.

2.1. Mechanics

The resonance frequency of the garden-gate pendulum (Lehman
pendulum) without considering the joint stiffness can be pre-
liminarily estimated by Wielandt [24]. In order to better study the
dynamics of the pendulum, the stiffness of the hinge is considered.
Fig. 3 presents the model of the mechanics. ¥ is a reference plane
referring to the ground, which is perpendicular to gravity. O refers to
the rotational centre of the pendulum which is the origin of a Car-
tesian coordinate system. X-axis defines the direction of the initial
position of the pendulum (dash line); Z-axis defines the opposite
direction of gravity. When the pendulum rotates around the point O,
the rotation occurs in the Q plane as indicated by the red circle. Note
that the rotation range of the pendulum is small in practice. It is
assumed that the proof-mass m only oscillates in the Q plane, »
denotes the rotation of the pendulum with a damping coefficient ¢
and stiffness k. The length between the corner cube and the rota-
tional centre is L. and the length between the mass centre and the
rotational centre is L. The vector G =[0, 0, -mg|" represents the
gravitational force at the centre of the mass.

Fig. 3b represents the scenario when the mechanics is tilted. The
vector g, points to the rotation point in the Q plane and its mag-
nitude g. = mgsin(y,) is the axial load applied on the joint. Ac-
cording to Eq. (1), the rotational stiffness of the joint can be
estimated, and it is denoted by k,. The variation of the stiffness k,
during oscillation is not addressed in the following discussion. The
motion of the proof-mass causes the variation of potential energy.
Therefore, the contribution of the gravitational force is taken into
account. g is the component of the gravitational force in the Q' plane
and its magnitude is

g, = mg sin(y)sin(w) (2)

where o is the rotation of the proof-mass, and the expression of
g, is derived in Appendix.

Moreover, three excitations cause the rotation of the proof-mass
about the point O. They are the translational motion w along Y-axis,
rotational motion g about Z-axis and rotational motion « about X-
axis. As the rotation of the proof-mass can be studied in the Q' plane,

Fig. 4 shows the motion of the proof-mass under different excita-
tions in the Q' plane.

2.1.1. Response to translational motion w

Even through the pendulum is tilted about Y-axis in Fig. 4a, the
projection of the translational motion w is the same in the Q plane.
As shown in Fig. 3b, the rotation of the proof-mass o equals to the
relative motion ¢ between the frame and the pendulum. Applying
Newton’s second law of rotation about the hinge O in the Q' plane,
the sum of torque about the hinge O is given by

I6=Y1=—-1— 1+ mWLcos(6) + gL (3)

where I is the moment of inertia with respect to the rotation
centre O, 75 = k@ is the rotational spring torque, zq = ¢6 is the rota-
tional damping torque, mw is the reaction force on the centre of
mass and gL is contributed by the gravitational force.

As the relative angle ¢ is relative small, the approximation
sin(6) = 6 is applied. The interferometric readout measures this re-
lative motion y by

y = —sin(6)L, = —6L (4)
Therefore, its dynamic equation is
I + ¢y + Ok, — mgsin(y)L)y = —mwLL, (5)

Using the Laplace transformation, Eq. (5) becomes

(a) (b) (c)

Fig. 4. Motion of the proof-mass under different excitations: the unmarked geometric
parameters are defined in Fig. 3. @ is the relative rotation between the pendulum and
the frame. (a) the proof-mass is excited by w in the Q' plane; (b) the proof-mass is
excited by g: p, is the projection of g in the Q' plane; (c) the whole mechanics tilting
by the angle a. Because the pendulum is tilted, the proof-mass is excited by a: aj, is the
projection of a in the Q' plane.
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Fig. 5. Frequency response of the transfer functions of the HINS: solid blue curve: TF between Y and W, dash red curve: TF between Y and Ry, dotted yellow curve: TF between Y
and R,. For plotting the curve, tilting angle: yo =0.5°, proof-mass: m = 0.5 kg, pendulum length and frame length: L = L. =0.18 m, inertia of the pendulum: I =mL? =0.0162 kgm>.
According to Eq. (1), the stiffness of the joint is assumed as k, =0.0086 Nm/rad and the damping coefficient is assumed as ¢ =0.0015 Nm - s/rad.

Y(s) —mLL.s?
W(s)  Is? + cs + ()k, — mg sin(y)L) (6)

Ty =

where Ty is the transmissibility of the HINS to the translational
excitation W.

2.1.2. Response to rotational motion S

As shown in Fig. 4b, applying Newton’s second law of rotation
about the hinge O in the Q' plane, the sum of torque about the hinge
0 is given by

B=Yr=-1t-w-I8 +gl (7)

where s =k,0 is the torque generated lgy the rotational spring,
19 = €6 is the rotational damping torque, I8, is the reaction torque
and g.L is the contribution of the gravitational force. The derivations
of g, and g; are given in Appendix. Combining Eq. (4), the dynamic
equation of the mechanics under this rotational excitation can be
derived by

I + ¢y + Ok, — mgLsin(y))y = Lc cos(3)()If + mgLsin(y)B)  (8)

where approximations sin(6) = 6 and sin ()6 — f cos(y)) = 6 — f cos ()
are applied. Using the Laplace transform, Eq. (8) becomes

Y(s) _ Lccos(y)()Is? + mgLsin(y))

TrpY = Re(s) — Is? + cs + ()k, — mgL sin(yy)) ©)

where R; is rotation g in the Laplace domain, TggY is the trans-
missibility of the HINS to the rotational motion Rg.

2.1.3. Response to rotational motion «

As shown in Fig. 4c, applying the Newton’s second law of rotation
about the hinge O in the Q' plane, the sum of torque about the hinge
0 is given by

Ié:ZTZ—TS—Td+IOf}1+gtL (10)

where the derivations of a,, and g, are given in Appendix.
Applying approximations sin(6) = 6, cos(6) = 1,
sin(a sin(y,)) = a sin(y,) and cos(a sin(y) )= 1, Eq. (10) is simplified to
16 = —c6 — k,6 + la sin(y)
+ mgL-()8sin(y,) + asin?(y) — a cos(y) + 6a® cos(yy)sin(y))  (11)

where the items « sin?(y,) and 6a? cos(y,)sin(y,) are neglected con-
sidering the 2™ order small quantities. Substituting Eq. (4) into (11),
it yields

Y(s)  —Lcsin(y)ls? + mgLL. cos(y,)

TraY = Ro(s)  Is? + cs + Ok, — mgLsin(y)) (12)

where R, is Laplace transform of a. Tg,Y is the transmissibility of
the HINS to the rotational motion R,.

Fig. 5 shows the frequency response function of Egs. (6), (9) and
(12). The transfer function Twy (solid blue curve) shows that the
HINS is a perfect estimator for displacement w above the resonance
frequency around 0.12Hz because of its flat transfer function.
However, the transfer functions TrgY (dash red curve) and Tg.Y
(dotted yellow curve) show that the HINS is also the estimator of
rotational motions g or a. Concerning the transfer function TggY, the
magnitude of the flat transfer function above its resonance is scaled
by the factor of L. cos(y,) in Eq. (9). Also, the transfer functions TrgY
has zeros due to the gravitational force. The type of zeros (real or
conjugate complex zeros) depends on the tilting direction, and the
position depends on the tilting angle yo. When the angle y, is tuned
to 0, the position of the zeros moves to a lower frequency, and the
magnitude of the flat transfer function below the zeros decreases in
the situation. Compared with the transfer functions Twy and TrgY, it
shows that depending on the amplitude of the excitations, the
measurement of the HINS can be dominated by the rotational mo-
tion g below 0.04 Hz. The transfer function Tg,Y has zeros as well,
the type of zeros (real or conjugate complex zeros) depends on the
tilting direction, and the position depends on the tilting angle yo. The
magnitude of the flat transfer function below its resonance increases
while the frequency of the resonance decreases. It shows that de-
pending on the amplitude of the excitations, the HINS tends to act as
a tilt-meter in low frequencies below 0.5 Hz. Therefore, care has to
be given when interpreting the response of the HINS at low fre-
quency which is actually determined by both tilting and transla-
tional excitations.

2.1.4. Adjustment of resonance frequency
According to the dynamic equations of the mechanics, the re-
sonance frequency fo can be simplified to

f _1 k, — mg sin(y,)L
7 27\ I (13)
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Fig. 6. The effect of tilting angle to the resonance frequency of the structure. A ne-
gative sign indicates the pendulum towards to the ground. The measurements points
are presented in Section 3.

Eq. (13) shows that the resonance frequency of the pendulum is
tunable by adjusting the inertial moment of the pendulum and the
tilting angle. Fig. 6 indicates the resonance frequency of the struc-
ture with respect to the tilting angle. The inertial moment is sim-
plified to I =mL? in Eq. (13). The geometries of the hinge are given in
Eq. (1).

When yo =0, the mechanics is horizontally positioned, the re-
sonance frequency equals to 0.15Hz. When yo< 0, the resonance
frequency increases because of the additional restoring force con-
tributed by the gravity. When yo> 0, as suggested by the config-
uration in Fig. 3b, the effect of gravity comes to reduce the original
restoring force, thus resonance frequency is decreased. However,
when y, > arcsin(mk—gyL), HINS becomes unstable. Therefore, choosing
the tilting angle of the mechanics is a trade-off between the low
resonance frequency and the stability.

2.2. Interferometric readout

Fig. 7 exhibits the prototype of the interferometric readout under
development. The dimension of the prototype is 140 x 100 mm?. The
laser source (Koheras X15) generates a linearly polarised laser beam,
whose wavelength and beam intensity are 1550 nm and 4 mW. This
laser beam passes through the polarisation-maintaining fibre of the
laser source and is collimated by the collimator (F240APC). The beam
diameter of the laser is 1.6 mm. The optical components include
three polarising beamsplitter cubes (PBS1&26&73, PBS204), two corner
cubes (CC1&2, PS974M-C), one non-polarising beamsplitter cube (BS,
BS018), one quarter-wave plate (WPQ, WPQI0E) and one half-wave
plate (WPH, WPHI0E). The photodetectors in the setup are three
switchable gain amplified photodiodes(PD1&2&3, PDA50B2). The
gain of the photodetectors is 20 dB.

Laser collimator

W=

Sensors and Actuators: A. Physical 335 (2022) 113398

The working principle of the interferometric readout is based on
the homodyne quadrature interferometer. Solid red lines with ar-
rows in Fig. 7 show the propagation of a single laser beam with
different polarisation states. The orientation of the laser collimator
makes a linear polarisation near to the p-polarisation and PBS1
works as a filter to ensure the p-polarised transmitted beam. The
angle between the fast axis of WPQ and the s-polarisation of laser
beam is 45°. Therefore, the linear polarisation of the beam changes to
the circular one after passing WPQ. Then, half energy of a beam
transmits from BS and the other half is lost. The angle between the
fast axis of WPH and the s-polarisation is 22.5°. Because of WPH, the
two orthogonal states rotate about the propagation direction with
45°, and now can be regarded as one p-polarisation state and a s-
polarisation with a phase delay of m/2 rad. At PBS2, these two po-
larisation states separate with each other, and dotted red line and
dash red line respectively shows the propagation in the measure-
ment arm and reference arm.

In the measurement arm, a beam with s-polarisation goes to CC1,
which mounts on the mechanics of the inertial sensor. In the re-
ference arm, a beam with p-polarisation goes to fixed CC2. Ignoring
the undesirable polarisation change in corner cubes [25], the two
reflected beams combine again at PBS2, which can be regarded as
two beams with p- and s-polarisation states. They do not interfere
because of their different polarisation. Purple lines with arrows re-
present the two co-propagating beams. During the propagation,
WPH rotates these two linear polarisation states with the same
angle of m/4rad. BS divides the beams into two directions. About
transmitted beams, the current orientation of WPQ introduces no
polarisation change. At PBS1, the component with s-polarisation
states in the co-propagating beams interfere with each other and
measured by PD1. Blue lines with arrows show the interferometric
beam. About reflected beams from BS, the components with s-po-
larisation states of the two beams interfere with each on the re-
flection way of PBS3 and components with p-polarisation states
interfere on the transmission way. PD2 and PD3 respectively mea-
sure the interferometric beam with s-polarisation and p-polar-
isation.

2.3. Acquisition and processing

The homodyne quadrature interferometer allows to extend the
measurement range of the interferometer [10]. As shown in Fig. 7,
the displacement of CC1, y, introduces an optical path difference and
is covered into the phase variation by [26].

_ 27ny
T (14)

where ¢, is the phase variation in terms of the optical path dif-
ference, n ~ 1 is the refractive index of the optical path, 1 is the

2%

p - polarisation  }
s - polarisation e

CCl1 I
PDI zf; ¥
2 (Movable) ¢
AY

WPQ WPH o1

et + —+ :/I"“‘

¥ ¥ v v —H{3>-
PBSI BS <~ PBS2 cc2

(Fixed)
D PD3
PBS3 <«
U rp2
(b)

Fig. 7. The interferometric sensing part and its optical path: (a) The prototype of the interferometric readout: 1 laser collimator, 2&6&7 Polarising Beam Splitter Cubes (PBS162&
3), 3 Quarter-Wave Plate (WPQ, 45° rotated), 4 Non-Polarising Beam Splitter Cube (BS), 5 Half-Wave Plate (WPH, 22.5° rotated), 8&9 Corner Cubes (CC1&2), 106°11&12 Switchable
Gain Amplified Photodiodes (PD1&2&3); (b) Arrows indicate the direction of propagation. The red lines show single laser beams in different polarisation states, the solid purple
lines represent the non-interfered recombined beams and the solid blue line shows the interfered recombined beams.
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Fig. 8. The response of HINS to an impulse excitation (ring-down test) for different tilt angles: (a) - 1.5°, (b) 0° and (c) 0.6".

wavelength of the laser beam in the vacuum and y is the physical
optical path length that the beam travelled. Finally, the perfectly
measured laser intensity in terms of the phase variation by the three
photodetectors are

Pep1 = %Po()l + cos(2¢y)) (15)
Proz = gPo()1 + sin(24,)) (16)
Pros = gPo()1 — sin(2¢,)) an

where, the coefficient 2 indicates the optical path is doubled by
the reflector in the measurement arm.

By subtracting Eq. (17) from (15), and Eq. (16) from (15), the
quadrature signals with respect to the sine and cosine function Q g,
and Qo5 are

Quin = Prot = Pros = gPo()1 + c05(24,)) — gPo()1 - sin(24,))
_ ﬁp() . T
=3 sin(2¢, + Z)
(18)
Qos = Pron — Proz = gPo()1 +€05(24,)) = gPo()1 + sin(24,))
_ \/jPo T
=3 cos(2¢, + Z)
(19)

where the DC offset %PO contains laser intensity noise is removed.

However, A DC phase offset /4 and the gain factor +/2 are in-
troduced from the subtraction. By using the arctan2 function with
phase tracking, the measured phase ¢, is extracted by

$ arctan2 (Qsin, Qcos) — %

v 2 (20)

where the gain factor 2P0 5 cancelled out, and the item - 71/4 on

the right side compensates the DC phase offsets induced by sub-
tractions (Eqs. (18) and (19)). According to Eqgs. (14) and (20), the
displacement of the movable corner cube is

S A
y= 27mn P
i T
= M()arCtanz(Qsin- Qcos) - Z) (21)

where 4=1550 nm is the wavelength of the laser beam and n ~ 1
is the index of refraction. Eq. (21) indicates that the interferometric
readout has an infinite measurement range.

In practice, the photodetectors outputs voltage signals in terms of
the laser intensity, the uncertainties from the optoelectronic system,
alignment, environment affects the quality of the signals. Therefore,
the normalisation for removing unbalanced gains and offsets, and
the ellipse fitting for correcting phase offsets are required [27,28] to
treat raw voltage signals.

3. Experiments

In this section, experimental results are presented. A dSpace
MicroLabBox system was used for the data acquisition. The whole
control scheme was implemented in the Matlab Simulink environ-
ment and then downloaded to the processor unit of the MicroLabBox
system. The control scheme was updated at a sampling frequency of
10 kHz, and the measured data was recorded at 1 kHz. The first set of
experiments is to investigate the influence of the tilt angle to the
characteristics of the HINS. Fig. 8a-8c plot the response of the HINS
to a non-equilibrium initial excitation when the tilt angle is set to
-1.5°,0° and 0.6°, respectively. The tilt angle is measured by a digital
protractor (Pro3600) with a resolution of 0.01°. In order to extract the
characteristics of the HINS, the following expression

y(t) = Ae=Zwot cos(\/1 — 4L2wot + ¢) (22)

is used, which represents a classical solution of 1DOF system to
an impulse excitation. y(t) is the oscillation of the pendulum mea-
sured by the optical readout, A and ¢ are the initial gain and phase of
the HINS, wg and ¢ are the natural frequency and the damping ratio.

The fitted results are superimposed in Fig. 12, based on which the
resonance frequency and the Q factor of the HINS are extracted and
summarised in Table 1.

As can be seen, the resonance frequency indeed decreases as the
tilt angle decreases as theoretically predicted in Fig. 6. From the
practical commissioning viewpoint, it is recommended not to set the
tilt angle too low to avoid destabilizations of the system for example
caused by the thermal variation.

The second set of experiments is conducted to study the steady
response of the HINS. A test bench as shown in Fig. 9 is constructed
which consists of an optical board (MB6060/M) sitting on two linear
bearings (LSP2080). A piezo actuator (APA100M) is mounted on one
end which is used to drive the optical board. An eddy-current sensor
(ECL101) is mounted on the other end which picks up the relative
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Table 1

Ring-down tests results.
Tilt angle (degree) -1.5° 0 0.6°
Resonance (Hz) 0.256 0.153 0.079
Quality factor 68.9 28.6 9.2

Vertical Horizontal sensor

sensor

Vertical stage

Horizontal stage

Fig. 9. Characterisation test bench.

motion of the optical board and the ground, denoted as x, hereafter.
The HINS is mounted on the top of the board. Thus xg is considered
as the base motion to the HINS. During the tests, a white noise signal
was applied to drive the piezo actuator. The duration of the mea-
surement was set to 2000s

The frequency response of the transfer function between the
signals measured by the eddy-current sensor and the HINS is plotted
in Fig. 10. It can be seen that the response at low frequency turns out
to be a constant with respect to the excitation. In addition, the co-
herence also drops at low frequency. The reason behind is that some
rotational excitations are generated in addition to the pure desired
translation excitations when driving the piezo. The induced response
to the rotational excitations actually dominates the low frequency
response according to the analysis in Section 3. In order to verify this
assumption, two displacement sensors (Lion U8B and PI E-852) are
placed on the two ends of the optical board which measure the re-
sponse of the board in the vertical direction. The vertical responses
and its difference are shown in Fig. 10 when the piezo actuator is
driven in the same condition as before. It can be seen that the dif-
ference is approximately a factor of two greater than the vertical

Sensors and Actuators: A. Physical 335 (2022) 113398

response measured on either side which means that the board also
undergoes a rotational motion. In Fig. 11, the responses when no
excitations are injected are also superimposed in order to show the
noise level of the sensor which is far lower than the measured sig-
nals. The injected horizontal and rotational motion are super-
imposed in Fig. 10, where the rotational motion is represented by the
response difference in the vertical direction over a 45cm span.
Substituting the rotational and the translational excitations into Eq.
(12), the response of the HINS for this particular set-up can be si-
mulated. The simulation result is also plotted in Fig. 10, where a pair
of real zeros ( + 1.885) is obtained. Although the horizontal motion is
two order of magnitude larger than the rotational motion, a strong
tilt-horizontal coupling is observed. The results obtained during this
study is interesting because it clearly illustrates how the rotational
and translational excitations are coupled for the HINS. If the HINS is
used as the feedback sensor for active seismic vibration isolation,
attentions need to be paid on the location of the HINS such that the
tilt-horizontal coupling occurs outside of the frequency band of in-
terest and the resultant real zeros should be avoided for example by
changing the orientation of the torque applied by the control ac-
tuator. From the control viewpoint, the system becomes a non-
minimal phase system which makes it challenging to achieve a good
vibration isolation performance.

4. Noise budgeting

The resolution of the HINS can be estimated by using the re-
solution of the interferometric readout multiplied by the inverse
transmissibility Ty}, of the HINS (the inverse of Tyy in Eq. (6)). The
resolution of the interferometric readout was estimated by the
blocked-mass test, in which the two corner cubes on the interfero-
metric readout are blocked. The Amplitude Spectral Density (ASD) of
the measured readout resolution multiplied by Ty}, is shown by the
solid blue curve. The theoretical readout noise contains noises ori-
ginating from the data acquisition system, photodetectors, laser
source and environment, among them the optoelectronic noise from
the photodetectors is dominant. For comparison, the theoretical
readout noise is multiplied by Ty}, (dash yellow curve) and shown in
the figure. By comparing the measured resolution and the theore-
tical one, it shows that the measured readout resolution is limited by
the optoelectronic noise of the readout from 0.01 to 1 Hz. Moreover,
this readout is sensitive to the seismic vibration from 2 to 100 Hz.
The reason is that the optical-component holders are not sufficiently
rigid. Therefore, improving the rigidity of the structure is envisioned
to better characterise the noise floor of the readout.

—— Experimental sensitivity
= = - Simulated sensitivity 1
30 -

Mag.: db re. (Im/1m)

— ASD of horizontal excitation|= 10
—— ASD of rotational excitation |

ASD (m/ ¥ Hz)

]
R N SR Y

() b . L] .

10° 10!

Frequency (Hz)

Fig. 10. Left axis: comparison of the transfer function between the eddy-current sensor and the HINS; Right axis: comparison of the horizontal and rotational motion when

driving the piezo actuator.



B. Ding, G. Zhao, . Watchi et al.

Sensors and Actuators: A. Physical 335 (2022) 113398

—_
(=]
URERILU B Ian | LIl R

T

ASD (m/ ¥ Hz)
S

107
F|— Left vertical displacement sensor
10 ; Right vertical displacement sensor
10 £|— Differential displacement in vertical direction
F|=— Noise floor of left displacement sensor
. r|= Noise floor of right displacement sensor
10» I T I n n F——— I ol

2

10 107!

10° 10
Frequency (Hz)
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108 ¢ T G R R S R R A
F \\ N —— Measured readout noise x Tyl ]
K N N Theoretical readout noise x Ty

10°%¢ ~\~\ Mo e Theoretical thermomechanical noise x Ty | 3
Sl \\ —— Theoretical HINS resolution
t Sy —=-=Resolution of GS-13

10710

T

10-11

T

10-12

ASD of noises (m/+/Hz)

T

===Resolution of T-240

Frequency (Hz)

Fig. 12. Theoretical resolution of the HINS.

When the pendulum is free in measurements, thermomechanical
noise (dash green curve) affects the mechanics. Thermomechanical
noise Ny, is caused by the thermal fluctuation of the proof-mass. The
ASD of the fluctuation is estimated by [29].

~ Ak Th/Q
o= | ey e () (23)

where kg =1.38064852 x 10723 J/K is the Boltzmann’s constant
and T=297.15K is the Kelvin temperature. According to the me-
chanical system of the HINS, the proof mass is m = 0.5 kg, the quality
factor (Q factor) is Q = 15, the resonance frequency is fo = 0.11 Hz, the
stiffness k = m(2zf,)> = 0.14 N/m and the resonance wo =2mfy
=0.69rad can be found. The ASD of the theoretical thermo-
mechanical noise multiplied by Ty}, (dash-dotted green curve) is
shown in Fig. 8. It can be seen that it is higher than the optoelec-
tronic noise from 0.01 to 1 Hz. Therefore, it dominates the resolution
of HINS in the frequencies.

In conclusion, the theoretical resolution of the HINS (dash red
curve) is obtained by adding the thermomechanical noise and in-
terferometric readout noise. It is 2x 107" m/JHz at 1Hz and is
dominated by the thermomechanical noise from 0.01 to 1 Hz and by
the optoelectronic noise from 1 to 100 Hz, and it outperforms than
the resolution of outstanding commercial geophone, Geotech GS-13

(dash-dotted black curve), and the seismometer, Trillium T-240
(dash-dotted grey curve), in the market [6].

5. Conclusion

We have presented a novel interferometric inertial sensor for
low-frequency active seismic isolation. Its mechanics consists of a
pair of cross-spring hinges and an inverted-pendulum like structure,
thanks to which the resonance frequency of the HINS can tuned. A
dynamic analysis was performed which studies the sensitivities of
the HINS to excitations in different directions. The readout of the
HINS is a homodyne quadrature interferometer which allows to
measure the relative displacement with a very high resolution and a
large dynamic range. The theoretical analysis has also been experi-
mentally validated. A ring-down test was performed which shows
the resonance frequency of the HINS can reach as low as 0.08 Hz. The
sensitivities of the HINS to transnational and rotational excitations
have also been experimental examined which also backs up the
theoretical analysis. A noise budgeting of HINS was given in the
paper. It predicts that the resolution below 1 Hz is dominated by the
thermomechanical noise and by unwanted internal vibrations of the
interferometric readout between 1 Hz and 100 Hz. The future work
will be focusing on suppressing the thermomechanical noise for
example through lowering the surrounding temperature and the
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vacuum level, and the internal vibrations through improving the
rigidity of the mounting of the optical components.
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Appendix

Derivation of g;

According to Fig. 3, defined in the Cartesian coordinate system, the unit vector ng =
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[0, 0,1]" presents the normal direction of the Q plane.

At the initial position shown in Fig. 3a, vectors ro =[- 1,0, 0]" and to = [0, - 1, 0] " present the radial and tangent directions of motion of the
proof-mass. Fig. 3b presents the whole mechanics tilted about Y-axis with an angle y,. The Q plane (marked with red circle) presents the
rotation plane of the proof—mass after tilting. Rotation matrices are used in the derivation, and they are given by [30].

Ry(a) =

1 0 0 0

0 cos(a) sin(oc)_ 0 —sin(B) cos(B) O
1

0 —sin(a) cos(a)| | sin(y) 0 cos(y

cos(y) 0 —sin(y ‘lcos ) sin(g)

(24)

where Ry(a), R,(y) and R,(p) are the rotation matrices of the proof-mass rotating about the point O. For space-fixed rotations, the normal vector

ng after tilting is
ny = Ry (yp)-mo = [] — sin(yp), 0, cos(y)]"
The radial vector rp after tilting is

r = Ry(y) 1o =[] — cos(y), 0, —sin(y)]"

(25)

(26)

The gravitational force of the proof-mass G =(0, 0, -mg)" has a projection on the vector ry and it is

g; = Proj,G = T

|| ||2
= — mgsin(y)-[Jcos(x), 0, sin(y)]"

(27)

where, the vector g, is the projection. proj, G indicates the operation of projecting the vector G onto the vector ry, and ||r4| is the magnitude of
the vector. The vector g, points the rotation point in the Q' plane, and its magnitude g; is

8. = |18, Il = mg sin(y)

(28)

where g; is the axial load applied on the joint. According to Eq. (1), the rotational stiffness of the joint can be estimated, and it is denoted by
k,. The variation of the stiffness k, during oscillation is not addressed in the following discussion.

When the mechanics is tilted, the motion of the proof-mass causes the variation of potential energy. Therefore, the contribution of the
gravitational force is taken into account. The tangent vector is used to find the component of the gravitational force in the Q' plane. For space-
fixed rotations, the tangent vector containing tilting angle yo and rotation o is

t1 = Ry ()R (@)-to = —[]sin(w)cos(y), cos(w), sin(w)sin(y)]"

The projection of the vector G on the vector t; is

8¢ = Proj,c = t

he
131
= — mg sin(y)sin(w)-[]sin(w)cos(y), cos(w), sin(w)sin(y,)]"

(29)

where g, is the component of the gravitational force in the Q' plane and its magnitude g is

8 = 18Il = mg sin(y,)sin(w)
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Derivation of the g, and the related g;

As shown in Fig. 4b, the scalar projection of the vector g =[0, 3, 0]" on the Q' plane is given by

B = IPTOj, 1l = 17461 |1y
=B cos(y) (32)

where 4, denotes the counter-clockwise rotation of the frame in the Q' plane. Because both of the frame and the proof-mass rotates in the Q'
plane. The relationship between rotations is

w =6 — Bcos(y) (33)

where o is the rotation of the proof-mass and ¢ is the relative angle between the frame and the proof-mass. Therefore, combining Eq. (33),
the magnitude of the vector g, is

8 = llg.|l = mg sin(y)sin()6 — B cos(y)) (34)

Derivation the a,, and related g;
According to Fig. 4c, the mechanics is under the excitation of & =[e, 0, 0]" about X-axis. The scale of the excitation on the Q plane is

. m-x
on = ||proj, | = [I————-m||
1 IImq|2

= — asin(y) (35)
where the minus symbol denotes the clockwise rotation of the frame in the Q' plane. In this case, the w in Eq. (31) is
w =6 + asin(y) (36)

Because the mechanics tilts about X-axis, the gravitational force plays a role here for influencing the dynamics of the HINS. For space-fixed
rotations, the tangent vector t; is

sin(w)cos(y,) + cos(w)sin(y)sin(a)
t = Ry () Rz ()R (@) to = — €os(e)cos ()
sin(w)sin(y,) — cos(y)sin(a)cos(w) (37)
The vector G has a projection g, on the vector t;. Combining with Eq. (36), the scalar of the projected vector is

& = gl = liproj, G|l = mg(sin(w)sin(yy) — cos(y)sin(a)cos(w))) (38)
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